In this paper, we show the existence of magnetic monopoles in the pure SU (2) Yang-Mills theory even in absence of scalar fields when the gauge-invariant mass term is introduced. This result follows from the recent proposal for obtaining the gauge field configurations in the Yang-Mills theory from the solutions of the field equations in the "complementary" gauge-scalar model with the radial length of the scalar field being fixed. The gauge-invariant mass term is obtained through a change of variables and a gauge-independent description of the Brout-Englert-Higgs mechanism which neither relies on the spontaneous breaking of gauge symmetry nor on the assumptions of the nonvanishing vacuum expectation value of the scalar field. According to these procedures, we solve under the static and spherically symmetric ansatz the field equations of the SU (2) Yang-Mills theory coupled with an adjoint scalar field whose radial degree of freedom is fixed, and obtain a gauge field configuration of magnetic monopole with a minimum magnetic charge in the massive SU (2) Yang-Mills theory. We compare the magnetic monopole obtained in this way in the massive Yang-Mills theory with the Wu-Yang magnetic monopole in the pure Yang-Mills theory and the 't Hooft-Polyakov magnetic monopole in the Georgi-Glashow model.
I. INTRODUCTION
In high energy physics, quark confinement is a long-standing problem to be solved in the framework of quantum chromo-dynamics (QCD). The dual superconductivity picture [1] for the QCD vacuum is known as one of the most promising scenarios for quark confinement. For this hypothesis to be realized, however, condensations of some magnetic objects are indispensable. However, the relevant magnetic objects are not included in the action of QCD. Therefore, we begin our arguments with showing the existence of magnetic monopoles in the Yang-Mills theory even in absence of the scalar field. Such magnetic monopoles in the pure Yang-Mills theory which we call Yang-Mills magnetic monopoles should be compared with the 't Hooft-Polyakov magnetic monopole [2] in the Georgi-Glashow model which includes the scalar field in the action from the beginning, see, e.g., [3, 4] for reviews of magnetic monopoles. The Yang-Mills magnetic monopoles are expected to be obtained as topological defects or topological solitons afterwards, since they are not included in the original QCD action.
Nevertheless, we know [4] that the pure Yang-Mills theory with no scalar fields has the topological soliton only in the four-dimensional Euclidean space. Indeed, such topological solitons are known as instantons and antiinstantons, in agreement with the nontrivial homotopy group π 3 (S 3 ) = Z. This statement is no longer true once we introduce the mass term to the Yang-Mills theory, which we call the massive Yang-Mills theory hereafter. In the massive Yang-Mills theory, it is shown that there exists the other topological soliton suggested from the nontrivial homotopy group π 2 (S 2 ) = Z. This is nothing but a magnetic monopole. It is reasonable to consider the massive Yang-Mills theory, in light of conjecture that the quantum Yang-Mills theory has a mass gap, even if the classical Yang-Mills theory is a conformal theory with no mass scale [5] . Indeed, recent investigations arrive at a consensus that gluons behave as massive particles in the low-energy (momentum) region which is called the decoupling solution [6] . In view of these, it is worth investigating the existence of magnetic monopole configurations in the massive Yang-Mills theory. However, a naive mass term for the gluon field breaks the gauge symmetry.
Recently, it has been shown that the gauge-invariant mass term of the Yang-Mills field can be introduced by combining a change of variables and a gauge-independent description of the Brout-Englert-Higgs (BEH) mechanism [7] which neither relies on the spontaneous breaking of gauge symmetry nor on the assumptions of the nonvanishing vacuum expectation value of the scalar field. Moreover, it has been pointed out [7] that the Yang-Mills field configurations are obtained from the solutions of the field equations in the "complementary" gauge-scalar model with the scalar field whose radial length is fixed 1 . According to these procedures, we show in this paper that magnetic monopoles do exist in the pure SU (2) Yang-Mills theory with a gauge-invariant mass term even in absence of scalar fields. In order to obtain magnetic monopoles in the pure massive Yang-Mills theory, therefore, we can use the same procedures as those used to obtain the 't Hooft-Polyakov magnetic monopoles in the Georgi-Glashow model. In fact, we solve under the static and spherically symmetric ansatz the field equations of the SU (2) Yang-Mills theory coupled to an adjoint scalar field whose radial degree of freedom is fixed. Then we obtain a gauge field configuration for a magnetic monopole with a minimum magnetic charge in the massive SU (2) Yang-Mills theory. We compare the magnetic monopole obtained in this way in the massive Yang-Mills theory with the Wu-Yang magnetic monopole [10] in the pure Yang-Mills theory and the 't Hooft-Polyakov magnetic monopole in the Georgi-Glashow model.
The gauge-independent BEH mechanism [7] and the resulting separation A (x) = W (x) + R(x) of the gauge field A (x) into the massive mode W (x) and the residual mode R(x) in the gauge-scalar model provides a natural understanding of the gauge field decomposition in the Yang-Mills theory called the Cho-Duan-Ge-Faddeev-NiemiShabanov (CDGFNS) decomposition [11] , and the subsequent reformulations of the Yang-Mills theory using the new field variables [12, 13] , see e.g., [14] for a review. In the CDGFNS decomposition the gauge field A (x) is decomposed into the two pieces: A (x) = V (x) + X (x), where V (x) is called the restricted (or residual) field which transforms in the same way as the original gauge field A (x) and X (x) is called the remaining (or coset) field which transforms in the adjoint way under the gauge transformation X (x) → U (x)X (x)U −1 (x). Consequently, we can introduce a gauge invariant mass term M 2 X tr(X µ X µ ) in the Yang-Mills theory. The key ingredient in the CDGFNS decomposition is the so-called color direction field n(x) which transforms in the adjoint way under the local gauge transformation. However, the introduction of the color field prevents one from understanding the CDGFNS decomposition with ease. According to the gauge-independent BEH mechanism, the color field n(x) in the reformulated Yang-Mills theory is identified with the normalized adjoint scalar fieldφ(x) in the "complementary" gauge-scalar model. This way of introducing the color field will facilitate understanding the role of the color field itself. The massive mode W (x) is identified with the remaining field X (x), while the residual mode R(x) with the restricted field V (x). Consequently, a gauge-invariant mass term M 2 X tr(X µ X µ ) in the reformulated Yang-Mills theory follows according to the gauge-independent BEH mechanism from the kinetic term
of the gauge-scalar model. For this identification to work, we must solve an issue. The extended Yang-Mills theory written in terms of the field variables (A , n) has extra degrees of freedom originated from the color field n(x) if we wish to obtain the gauge theory which is equipollent to the original Yang-Mills theory. For this purpose, we impose the additional condition to relate the gauge field A (x) and the color field n(x) in such a way that the color field is given by a functional in terms of the gauge field: n = n[A ]. This condition is called the reduction condition. By using the resulting color field, we can define the magnetic charge in a gauge-invariant way. Such color field configurations are obtained from the gauge-scalar model, since it is shown [7] that the simultaneous solutions of the coupled field equations in the gauge-scalar model automatically satisfy the reduction condition. Thus, we can construct gauge-invariant magnetic monopoles in the massive Yang-Mills theory using the color field obtained in this way.
It should be remarked that, within the framework of the reformulated Yang-Mills theory, the configurations of the color field n[A ] have been obtained by solving the reduction condition for a given configuration of the gauge field A (x), e.g., instantons and merons in [15] . We now revisit this problem from the opposite direction such that the gauge field configurations are obtained for a given configuration of the color field or the normalized scalar field. This paper is organized as follows. In section II, we review how to obtain the gauge-invariant massive Yang-Mills theory (Yang-Mills theory with a gauge-invariant mass term) by starting from the "complementary" SU (2) gaugeadjoint scalar model with a fixed radial degree of freedom. In section III, we show by using the scaling argument due to Derrick [16] that there can exist magnetic monopoles in the massive Yang-Mills theory. In section IV, we obtain the magnetic monopole configuration with a minimum magnetic charge under the static and spherically symmetric ansatz. In section V, we discuss the short-distance and long-distance behavior of the gauge field and the chromomagnetic field, in comparison with the 't Hooft-Polyakov magnetic monopole. For the gauge field, we also perform the decomposition based on the reformulation to investigate how the respective decomposed field behaves in the short-distance and long-distance regions. In the final section, we discuss how the magnetic monopoles obtained in the massive Yang-Mills theory are responsible for quark confinement from the viewpoint of dual superconductivity and are consistent with the existence of a mass gap. In Appendix A, we summarize the essentials for the 't Hooft-Polyakov magnetic monopole. In Appendix B, we explain the method used for numerically solving the monopole equation. The outline to obtain the massive Yang-Mills theory from the "complementary" gauge-scalar model. The double-lined arrow stands for our approach in this paper. The dotted box shows the approach in [13, 14] .
II. THE MASSIVE YANG-MILLS THEORY "COMPLEMENTARY" TO THE GAUGE-ADJOINT SCALAR MODEL
In this section, we review the procedure [7] for obtaining the massive SU (2) Yang-Mills theory from the "complementary" SU (2) gauge-adjoint scalar model described by the Lagrangian density
with
where u = u(x) is the Lagrange multiplier field to incorporate the radially fixing constraint,
In what follows, we introduce respectively the inner and exterior products for the Lie-algebra-valued fields by
with the generator of the Lie algebra T A .
To begin with, we construct a composite vector boson field
whereφ(x) is the normalized scalar field defined bŷ
Notice that X µ (x) transforms in the adjoint way under the gauge transformation
Then we find that the kinetic term L kin [A , φ] of the scalar field is identical to the mass term L m [X ] of the vector field X µ (x):
as far as the radial degree of freedom of the scalar field is fixed [7] . Thanks to (8) , it is obvious that the obtained mass term of X µ (x) is gauge-invariant. Therefore, X µ (x) can become massive without breaking the original gauge symmetry. This gives a gauge-independent definition of the massive modes of the gauge field in the operator level.
It should be emphasized that we do not choose a specific vacuum with a non-vanishing vacuum expectation value 0|φ(x)|0 = 0 and hence need no spontaneous symmetry breaking. By using the definition of the massive vector field X µ (x), the original gauge field A µ (x) is separated into two pieces:
where the residual field V µ (x) can also be written in terms of A µ (x) andφ(x):
Next, we regard a new set of field variables {c µ (x), X µ (x),φ(x)} as obtained from the original field variables {A µ (x),φ(x)} based on change of variables:
We wish to obtain the (pure) Yang-Mills theory from the "complementary" gauge-scalar model by identifying c µ (x), X µ (x) andφ(x) with the fundamental field variables for describing the massive Yang-Mills theory anew, which means that we should perform the quantization in terms of the field variables {c µ (x), X µ (x),φ(x)} appearing in the path-integral measure, as shown below. The normalized scalar fieldφ(x) can be identified with the color field n(x) in the preceding approach [13, 14] . (See the dotted blue box in Fig.1 .)
In the gauge-scalar model, A µ (x) andφ(x) are independent field variables. However, the pure Yang-Mills theory should be described by A µ (x) alone. Hence the scalar field φ(x) must be supplied by the gauge field A µ (x) in some way due to the strong interactions, or in other words, φ(x) should be given as a functional of the gauge field A µ (x). We take care of this discrepancy as follows. The independent degrees of freedom of the original gauge field A 
We therefore observe that the theory with the new field variables has two extra degrees of freedom compared with the pure Yang-Mills theory. These extra degrees of freedom are eliminated by imposing the two constraints which we call the reduction condition. We choose e.g.,
The reduction condition indeed eliminates the two extra degrees of freedom introduced by the radially fixed scalar field into the Yang-Mills theory, since it satisfies
The above consideration is incorporated into the path integral framework. But the following is just a sketch of the procedures, see sections 4.4, 4.5 and 5.6 of [14] for precise statements. Following the Faddeev-Popov procedure, we insert the unity to the functional integral to incorporate the reduction condition:
where
is the reduction condition written in terms of A µ (x) and φ θ which is the local rotation of
denotes the Faddeev-Popov determinant associated with the reduction condition χ = 0. Then, we obtain after factoring out the gauge volume Dθ where
Here the reduction condition χ = 0 and the associated Faddeev-Popov determinant ∆ red are written in terms of the new variables. The Jacobian J associated with the change of variables (12) is equal to one, J = 1 [14] . Therefore, we obtain the massive Yang-Mills theory which keeps the original gauge symmetry:
We want to emphasize that the original gauge symmetry is kept at any stage in deriving the pure Yang-Mills theory from the gauge-scalar model and hence gauge symmetry is not broken before imposing the specific gauge fixing condition. Notice that the ordinary gauge-fixing part is omitted in the above discussion and in (17) for simplifying the notation. Finally, it should be remarked that the solutions of the classical field equations of the gauge-scalar model with a radial fixed scalar field satisfy the reduction condition automatically. This fact can be used to obtain the "field configurations of path integral" satisfying the reduction condition from the "solutions of field equations" of the corresponding gauge-scalar model. (But the converse is not true.) Fig.2 shows the relation between the solutions of the field equations of the gauge-adjoint scalar model and the field configurations satisfying the reduction condition. This fact is shown as follows. The field equations besides (4) are obtained as
To eliminate the Lagrange multiplier field u in (21) we take the inner product of (21) and φ(x) and use (4) to obtain
The field equations (20) and (21) are rewritten in terms of A µ (x) andφ(x):
By applying the covariant derivative D ν [A ] to the equation (23), the reduction condition is naturally induced:
Moreover, by taking the exterior product of (24) andφ(x), the reduction condition is induced again:
Hence, the simultaneous solutions of the coupled field equations (23) and (24) automatically satisfy the reduction condition (14) . The main purpose of this paper is to find the "classical solutions" of the coupled field equations (23) and (24) of the gauge-scalar model with a radial fixed scalar field to obtain the "field configurations" satisfying the reduction condition (14) in the path-integral (17) of a massive quantum Yang-Mills theory.
III. SCALING ARGUMENT OF THE MASSIVE YANG-MILLS THEORY
In this section we examine the existence of the static and stable configuration in the massive Yang-Mills theory. For this purpose, we follow the scaling argument due to Derrick [16] . Only in this section we consider an arbitrary spatial dimension d.
In the gauge-adjoint scalar model with a radial-fixing constraint, the static energy E can be written after eliminating the Lagrange multiplier field u(x) as
By rescaling the spatial variable x as x → µx, the fields are transformed as Φ(x) → Φ (µ) (x) in general: For the scalar and the vector field,φ
which yields
Then the scaled energy E(µ, d) obeys
For the massive Yang-Mills theory (19) , the scaled energy E(µ, d) obeys the same equation as (30) with the replacement:
We find that E(µ, d) has a stationary point in 2 < d < 4 spatial dimension:
implying that there can exist a stable configuration with a finite energy which differs from the vacuum configuration. It should be noticed that such a stable configuration can exist only in d = 3. Therefore, we can obtain the static topological soliton in the (3 + 1)-dimensional massive Yang-Mills theory. The explicit construction is given in the next section. This result should be compared with the pure (massless) Yang-Mills theory and the SU (2) Georgi-Glashow model: The scaled energies for these theories are respectively given by
where E 0 in E GG (µ, d) comes from the potential term (see Appendix A). Notice that for the pure Yang-Mills theory only the term of the gauge field exists and hence there is no stationary point under the scaling, which implies the non-existence of the static and stable soliton solutions in the (3 + 1)-dimensional massless Yang-Mills theory. For the Georgi-Glashow model, see Appendix A for the existence of the static soliton solution, i.e., the 't Hooft-Polyakov magnetic monopole.
IV. MAGNETIC MONOPOLE CONFIGURATION
Because of the constraint (4) the normalized scalar fieldφ(x) takes the value in the target space of the twodimensional sphere S 2 . Then, by regardingφ(x) as the map
there could exist the topological soliton solutions related to the nontrivial homotopy group π 2 (S 2 ) = Z. For the gauge field A A µ (x), we adopt the static and spherically symmetric ansatz of the 't Hooft-Polyakov type [2] :
For the scalar field φ(x), we adopt the simplest static and spherically symmetric ansatz 2 :
The profile functions f (r) and h(r) are unknown functions to be determined by solving the field equations. In order to simplify our notations, we consider the Lagrangian L
to redefine the Lagrangian density by L = 4πr 2 L :
where the prime denotes a derivative with respect to r. The equations for the profile functions f (r) and h(r) are obtained as
Eq. (45) comes from the constraint and can be solved
By substituting (46) into the other equations, we have
Thus we can determine the Lagrange multiplier field u = u(r) by
2 It should be noted that in this setup the reduction condition (14) is automatically satisfied due to its tensor structure (without knowing the profile functions):
once the remaining equation (47) which we call the monopole equation is solved. By rescaling
with ρ now being dimensionless, the monopole equation is reduced to
First, we examine the asymptotic behavior of f (r). The static energy E is given by
where in the second equality we have rescaled r → ρ. One can find the boundary conditions for f (ρ) by requiring the energy E to be finite:
For small ρ, we further require
so that the gauge field A A j (x) becomes non-singular at the origin. Here, one finds that f (ρ) ≡ 0 is a solution of the monopole equation (51). This is nothing but the Wu-Yang magnetic monopole. However, this solution yielding X j (x) = 0 does not satisfy the boundary condition (53) for ρ ≈ 0, which leads to infinite energy E = ∞. Conversely, the solution f (ρ) = 0 means X µ (x) = 0, which yields a finite energy E < ∞.
In order to obtain the asymptotic behavior of f (ρ) for small ρ, let us define f (ρ) = 1 + g(ρ) with |g(ρ)| ≪ 1 and linearize the monopole equation (51):
The linear differential equation (55) for g(ρ) has the following general solution
where we have introduced the hyperbolic cosine and sine integral Chi x and Shi x respectively, defined with the Euler constant γ by
Here the first two terms of (56) correspond to the general solution consisting of two independent special solutions (cosh ρ − sinh ρ ρ ) and ( cosh ρ ρ − sinh ρ) of the homogeneous equation obtained by eliminating the inhomogeneous term ρ 2 of (55), and the remaining terms represent a special solution of the inhomogeneous equation (55).
Under the boundary conditions g(0) = 0 and g ′ (0) = 0, we can determine only one coefficient C 2 = 0:
The Taylor expansion of the solution (58) around the origin ρ = 0 has the form Thus, under the boundary conditions f (0) = 1 and f ′ (0) = 0, we can set the asymptotic form of f (ρ) around the origin:
where C is arbitrary at this stage. For large ρ, we adopt the asymptotic form
In the similar way to the above, we can determine the coefficients D n as
where the overall factor D 0 is arbitrary at this stage. The monopole equation (51) can be solved in a numerical way, see Appendix B for the detail. The coefficients C and D 0 can be determined in a numerical way, as well. Fig.3 shows the obtained solution f (ρ) of the monopole equation (51) as a function of ρ, which should be compared with the usual 't Hooft-Polyakov monopole solution.
The obtained Yang-Mills magnetic monopole "configuration" is apparently similar to the infinitely large coupling limit λ → ∞ of the standard 't Hooft-Polyakov magnetic monopole "solution". However, there is a crucial difference even in the classical level. In the 't Hooft-Polyakov magnetic monopole, the scalar field is zero at the origin φ(0) = 0 for any value of λ, and this is the case even in the limit λ → ∞ where φ(x) approaches v for any x except the origin x = 0. While, our magnetic monopole always guarantees φ(x) = v at every x including the origin φ(0) = v due to the radially fixed constraint (45). In fact, we could not obtain the 't Hooft-Polyakov monopole in the limit λ → ∞, since our numerical method cannot be applied to the large values of λ. But it's no concern of ours.
The details for the usual 't Hooft-Polyakov monopole in the Georgi-Glashow model are summarized in Appendix A. From this numerical solution, we can calculate the static energy or the rest mass of a magnetic monopole E as
This result also shows that the obtained solution f (ρ) is different from the Bogomol'nyi-Prasad-Sommerfield (BPS) monopole [17] : By definition, the energy in the BPS limit is given by We define the energy density e(ρ) by
where H (r) is the Hamiltonian density. The energy density e(ρ) can be written as Fig.4 is the plot of the energy density e(ρ) as a function of ρ obtained from the solution f (ρ), which should also be compared with the case of the 't Hooft-Polyakov monopoles. One can find that the energy density of the Yang-Mills monopole is much different from the 't Hooft-Polyakov solution at the origin. This is caused by the radially fixed condition: In the 't Hooft-Polyakov case, e(0) = 0 originates from h(0) = 0, which persists even in the limit λ = ∞, while in our case, h(0) = ±1 with no potential term V (h 2 ) = 0, the contribution from the fourth term in (66) for e(ρ) survives at the origin due to f (0) = 1.
V. BEHAVIORS OF GAUGE FIELD AND CHROMO-MAGNETIC FIELD

A. The Gauge Field
We shall separate the gauge field A µ (x) into two pieces:
In the present ansatz, by using the normalized scalar fieldφ(x) with h(r) = +1 and the Pauli matrices
they are explicitly written as
and their time components vanish, V 0 (x) = 0, X 0 (x) = 0. In what follows, we adopt the polar coordinate system (r, θ, ϕ) for the spatial coordinates:
where we have defined
and
Fig .5 is the plot of the fields A, V and X as functions of ρ = M X r, which shows that the original gauge field A (x) is indeed regular at the origin
as is expected. On the other hand, the fields V (x) and X (x) diverge at the origin r = 0. We perform the singular gauge transformation which makesφ(x) diagonal:
or equivalentlyφ ′A (x) = δ A3 . Such a gauge transformation can be done by using the following SU (2) matrix U (x):
As mentioned before, X µ (x) is transformed in an adjoint way:
while, as a consequence, V µ (x) has the same gauge transformation property as the original gauge field A µ (x): Thus, V (x) and X (x) are transformed by U (x) as
One can find that the field V (x) is nothing but the Wu-Yang potential [10] which has singularities of the Dirac string type [18] located on the negative part of the z-axis. Moreover, we find that by recalling f (M X r) ∝ exp(−M X r) at r ≈ ∞ the field X (x) indeed falls off exponentially, and hence we can identify X (x) with the massive (or high energy) mode. For the Yang-Mills magnetic monopole obtained in the massive Yang-Mills theory, we do not need to introduce the artificial regularization by hand to remedy the short-distance (or ultraviolet) singularity and instability of the Wu-Yang magnetic monopole in the pure massless Yang-Mills theory as worked out in [19, 20] . The regularized solution of the Yang-Mills field equation was obtained so that the Wu-Yang solution for r > r 0 and another solution for r < r 0 are connected at r = r 0 to make the energy finite, see pp.503-504 and Appendix B of [20] . The Yang-Mills magnetic monopole A (x) obtained in this paper approaches the Wu-Yang type V (x) for large r, while for small r it approaches the regular form and the energy becomes finite. This is attributed to the behavior of the massive mode X (x). For large r, X (x) falls off quickly to guarantee A (x) ≃ V (x), while for small r, X (x) also becomes singular but with the signature opposite to V (x) to cancel the singularity of V (x) leading to a finite Yang-Mills field, A (x) = V (x) + X (x) ≃ 0 near x = 0.
B. The Chromo-Magnetic Field
We examine the magnetic charge q m obtained by the chromo-magnetic field B 
The magnetic charge q m and its density ρ m (r) are defined by 
massive modes X in the long-distance region. This feature is similar to the usual 't Hooft-Polyakov monopoles.
In the short-distance region, on the other hand, the Wu-Yang magnetic monopole becomes singular, while the 't Hooft-Polyakov monopole remains non-singular even at the origin. In the Yang-Mills magnetic monopole, we found that the massive components X play the very important role for canceling the singularity of V in the short-distance region such that the original gauge field A remains non-singular at the origin. This regularity of the Yang-Mills magnetic monopole is guaranteed by the logarithmic behavior of the gauge field itself without an aid of the scalar field which vanishes at the origin as seen in 't Hooft-Polyakov monopoles. This behavior renders the energy of the Yang-Mills magnetic monopole finite even if the magnitude of the scalar field is fixed. It should be remarked that the chromo-magnetic field B is divergent at the origin due to the logarithmic behavior of the solution f (ρ), which is however unessential for obtaining finite physical quantities such as energy, magnetic charge density and magnetic flux. By using the Yang-Mills magnetic monopole found in this paper, we can show quark confinement in the threedimensional Yang-Mills theory in the same way as the three-dimensional Georgi-Glashow model shown by Polyakov [21] without introducing the artificially regularized Yang-Mills magnetic monopole [19, 20] for avoiding the shortdistance singularity and instability of the Wu-Yang magnetic monopole.
